Abstract. An elliptic system of M (≥ 2) singularly perturbed linear reactiondiffusion equations, coupled through their zero-order terms, is considered on the unit square. This system does not in general satisfy a maximum principle. It is solved numerically using a standard difference scheme on tensor-product Bakhvalov and Shishkin meshes. An error analysis for these numerical methods shows that one obtains nodal O(N −2 ) convergence on the Bakhvalov mesh and O(N −2 ln 2 N ) convergence on the Shishkin mesh, where N mesh intervals are used in each coordinate direction and the convergence is uniform in the singular perturbation parameter. The analysis is much simpler than previous analyses of similar problems, even in the case of a single reaction-diffusion equation, as it does not require the construction of an elaborate decomposition of the solution. Numerical results are presented to confirm our theoretical error estimates.
Introduction
Let M ≥ 2 be an integer. We seek the solution u = (u 1 , u 2 , . . . , u M )
T of the singularly perturbed system of M reaction-diffusion equations Lu := −ε 2 ∆u + Au = f in Ω = (0, 1) 2 , u| ∂Ω = g, (1.1) where the parameter ε satisfies 0 < ε 1. Systems of this type are relevant, for example, to the investigation of diffusion processes in electro-analytical chemistry in the presence of chemical reactions. Under certain hypotheses on the data A, f and g we shall examine a simple finite difference scheme that generates an approximate solution of (1.1) on various layer-adapted meshes.
A problem resembling (1.1) is analysed in [4] , but the hypotheses there ensure that A is diagonally dominant and inverse-monotone so that the system satisfies a maximum principle, while in the current paper the only hypothesis on A is Assumption 1.1 below and we make no appeal to maximum principles for systems. Thus [4] and the current paper consider distinct but overlapping classes of problems. While the numerical method of [4] is identical with that of the current paper, the analysis of [4] relies heavily on the maximum principle already mentioned, and on the construction of an elaborate decomposition of u into a sum of a smooth part, a layer component associated with each edge ofΩ, and a corner layer associated with each corner ofΩ. A similar decomposition is used even in the case of a single reaction-diffusion equation in [2] . In contrast, the analysis presented in the current paper needs no decomposition of u when investigating our scheme on a Bakhvalov mesh and only a relatively simple decomposition on a Shishkin mesh.
Assumption 1.1. Assume that the matrix A is coercive, i.e., that there exists a constant γ > 0 such that
Assume also that for some α ∈ (0, 1] we have A ∈ C 4,α (Ω) M ×M and f ∈ C 4,α (Ω) M , and that the restriction of g to each edge ofΩ yields a function lying in C 4,α [0, 1]
M and that g is continuous at each of the corners; this implies that
with corresponding conditions at the other three corners of the domainΩ; these conditions can be loosely thought of as requiring "Lg = f " at each corner . [5] and [4, Section 3] . Nevertheless, unlike [4] , the operator L does not obey a maximum principle, and consequently our analysis is very different from that of [4] .
Notation. Throughout the paper C, sometimes subscripted, is a generic positive constant that is independent of the perturbation parameter ε and of the number of mesh intervals N . We set
and we drop the subscript D on these norms when D = Ø. The notation · D is also used for the L ∞ norms of continuous functions of one variable and for mesh-valued functions. The notation ∂ m w denotes any mth-order partial derivative of a function w.
Properties of the exact solution
The following stability result, which is critical for our analysis, is a slight modification of an argument from [1] . Note how neatly it side-steps the absence of a maximum principle for L.
Proof. 
This bound needs much less smoothness and compatibility of the data than is assumed in Assumption 1.1.
In 
The inequality (2.1b), which stems from a result of Volkov [11] , is somewhat surprising since in general one does not have u ∈ C 4,α (Ω) M ; note that (2.1b) is valid only for certain fourth-order derivatives of u.
We now derive sharper bounds on the pure derivatives of u that show that the large values seen in Lemma 2.2 do in fact decay rapidly as one moves away from ∂Ω. Lemma 2.3. Let u be the solution of (1.1). Let ∈ (0, γ) be arbitrary but fixed. Then there exists a constant C, which is independent of ε, such that
We use induction on k. For k = 0 the lemma follows from Corollary 2.1. For k = 1, 2, 3, differentiating (1.1) k times with respect to x gives
where the bound on ϕ k is a consequence of the inductive hypothesis. Defineũ by
Taking the inner product withũ and setting v k = 1 2 |ũ| 2 we obtain, as in the proof of Lemma 2.1,
Application of a comparison principle for scalar equations yields
Dividing by ũ gives ũ ≤ C; then, recalling the definition ofũ, we obtain the first inequality of the lemma. The second inequality is proved in the same way.
Next we give an analogous bound for the pure fourth-order derivatives of u, but the proof is different since these derivatives are discontinuous at the corners of the domain and consequently do not lie in C(Ω). Lemma 2.4. Let u be the solution of (1.1). Let ∈ (0, γ) be as in Lemma 2.3.
Then there exists a constant C such that
Proof. For each (x, y) ∈ Ω, let Γ(x, y) denote the distance from (x, y) to the nearest of the four corners of Ω. Set Ω ε = {(x, y) ∈ Ω : Γ(x, y) < ε}. From (2.1b) we see immediately that (2.2a) holds true onΩ ε , because the sum of exponentials in (2.2a) is then bounded below by a positive constant. But u ∈ C 4,α (Ω \ Ω ε ) M since the corners ofΩ are excluded from Ω \ Ω ε ; as regards boundary data for ∂ ∂(Ω\Ω ε ), first (2.1b) implies that (2.2a) is valid on ∂Ω ε and on {(x, y) ∈ ∂(Ω\Ω ε ) :
The maximum principle argument of Lemma 2.3 can now be invoked to prove (2.2a) on Ω \ Ω ε .
The inequality (2.2b) follows similarly.
Note that the bounds of Lemmas 2.3 and 2.4 were obtained without constructing any decomposition of u.
Remark 2.1. The requirement that g be continuous at the corners ofΩ corresponds to zero-order compatibility of the data of (1.1), while the condition "Lg = f " (see Assumption 1.1) at these corners corresponds to first-order compatibility. Compatibility conditions of order k ≥ 0 are defined in [3, Section 3] : at the corner (0, 0), the kth compatibility condition is
where g s and g w are the restrictions of g to x = 0 and y = 0 respectively, and
The compatibility conditions at the other corners ofΩ are analogous. Let ≥ 0 be an integer. Similarly to Lemmas 2.3 and 2.4, one can prove that if f ∈ C 2 ,α (Ω) M , the restriction of g to each edge ofΩ yields a function lying in
, and the compatibility conditions up to order are satisfied at each corner, then for all (x, y) ∈ Ω one has
with an analogous result for ∂ k y u(x, y). Remark 2.2. Consider the case of a single equation, i.e., M = 1. Then one can apply a maximum principle argument directly to (1.1), i.e., most of the argument of Lemma 2.1 can be discarded, and following our subsequent analysis one obtains again the bounds of Lemmas 2.3 and 2.4. These bounds are sharper than the bounds obtained in [2] via a lengthy decomposition of u. Our bounds are identical to those stated in [6] , but the proof there is flawed.
Furthermore, when our arguments are applied to a reaction-diffusion system posed on a one-dimensional domain, this yields an improvement of the a priori bounds of [1] .
Discretization
Consider an arbitrary tensor-product meshω =ω x ×ω y onΩ, withω
For vector-valued mesh functions v we use the notation
Then our discretization is: Find U such that
Lemma 3.1. The discrete operator L satisfies the stability inequality
for arbitrary vector-valued functions W defined onω.
Proof. This proof is a discrete analogue of the argument for Lemma 2.1.
with a similar identity for δ 2 y . Thus
Hence, using (1.2), we get −ε 2 δ
A standard discrete maximum principle for scalar problems, with a constant barrier function, yields
Hence
The proposition of the lemma follows.
Lemma 3.1 implies that the linear system (3.1) has a unique solution U .
3.1. Layer-adapted meshes. We shall consider two types of a priori meshes: Bakhvalov and Shishkin meshes. When constructing these meshes, some a priori knowledge of the behaviour of the derivatives of the exact solution is essential. This information is provided by Lemmas 2.3 and 2.4. Let ∈ (0, γ) be arbitrary but fixed. Then
with analogous bounds for ∂ k y u.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Bakhvalov meshes [1] : These meshes are based on user-chosen mesh parameters σ > 0 and q ∈ (0, 1/2), where the grid points are x i = i/N if σε ≥ q, while when σε < q one sets
with a mesh generating function ϕ defined by
The transition point τ is determined by the equation ( 
Error analysis.
In the layer regions the Bakhvalov mesh is not approximately equidistant. Consequently, the truncation error of the difference scheme is apparently only first order at points in the layers, but a more delicate analysis given in [1] for a two-point boundary value problem shows that the truncation error at every mesh point is in fact O(N −2 ) uniformly in ε. It is straightforward to modify Bakhvalov's analysis for the case of (1.1); we shall outline how this is done in an appendix because, while [1] is often cited as a seminal paper, its contents are not widely known and because in recent publications Bakhvalov meshes have received much less attention than Shishkin meshes even though they give more accurate numerical solutions.
The analysis of singularly perturbed reaction-diffusion problems on Shishkin meshes on the domain Ω has been carried out by Clavero et al. [2] in the case of a single equation and by Kellogg et al. [4] for a system of equations, but the error analysis in both papers relies on the lengthy construction of a decomposition of the solution. The analysis for Shishkin meshes in the present paper is much simpler. Proof. Let η = u − U denote the error. Lemma 3.1 yields 
There are analogous bounds for ∂ 
and w m (x, y) = u m (x, y) − v(x, y). Then Lemmas 2.3 and 2.4 and the choice of x * imply that (3.5)
cf. [7] . That is, u = v + w, i.e., we have decomposed u into a sum of a regular component v and a layer component w = (w 1 , . . . , w m ) T . We remark that our decomposition does not in general satisfy Lv = f and Lw = 0; these additional properties, which are not needed here, have been obtained for various singular perturbation problems via more complicated analyses.
Split the truncation error by writing
When bounding the truncation error in v use (3.4b) for i = qN or i = (1 − q)N , i.e., at the mesh transition points, and at other points use (3.4c). For the layer term w, invoke (3.4a) for i = qN, . . . , (1 − q)N and (3.4c) otherwise. This yields
o t h e r w i s e .
We cannot invoke (3.3) to get the desired error bound. Instead we proceed as follows. Write η = η 1 + η 2 , where η 1 and η 2 are the solutions of
In order to bound η 1 we use the technique of Lemma 3.
One can apply a discrete comparison principle for scalar equations using a barrier function from [8] :
where
Then with C 1 chosen sufficiently large, independently of ε, one obtains V ω ≤ C V ω and hence η 1 ≤ CN −2 ln 2 N . An identical bound is obtained for η 2 . The assertion of the theorem follows for the Shishkin mesh.
Numerical results.
We now present the results of some numerical experiments in order to illustrate the conclusions of Theorem 3.1, and to check if they are sharp.
Example 1.

−ε
For this problem γ 2 ≈ 1.12.
with γ 2 ≈ 1.32. For both problems we take = 1 and σ = 2 in the construction of the meshes.
The exact solutions to both test problems is not available, so we estimate the accuracy of the numerical solution by comparing it with the numerical solution obtained from Richardson extrapolation over two meshes, which has a higher order of accuracy. Thus, let U We then compute the error
for various values of ε. We estimate the uniform errors for a fixed N by taking the maximum error over a wide range of ε, namely
The results of our test computations are displayed in the following table. As well as the uniform errors η N , we also give experimental rates of convergence r N which are computed by means of the formula
We also estimate the constants in the error estimate, i. e., if we have the theoretical error bound η N ≤ Cϑ(N ), then we compute the quantity Appendix: Truncation error on the Bakhvalov mesh
In this appendix we reproduce the argument from [1] to prove the truncation error bound that was used in the proof of Theorem 3.1.
When σε ≥ q the mesh is uniform with mesh size
by (3.2) and (3.4c). Now consider the case σε < q. For simplicity we consider only the layer at x = 0 and assume that
From the construction of ϕ one must have τ < q and it follows that 1 < χ (τ ) <q, where we setq = 1/(1−2q). Define the auxiliary points τ 1 , τ 2 in (0, q) by χ (τ 1 ) =q and χ (τ 2 ) = 1. Then
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(ii) For t ≤ t i < q we have ϕ (t) ≤ χ (t) = σε/ (q − t) ≤ σε/ (q − t i ). Hence, which is the region outside the layer. For t i ≤ q − 2N −1 (the layer region), from (3.4c) and (3.2) one arrives at
To bound the first term on the right-hand side use (A.4); for the second term, use (A.6) and (A. We are left with the transition region where τ 2 > t i−1 and t i > q − 2N −1 . Thus,
Observe that the first two inequalities here imply that ε < 3 /(σN ). Use (3.4a):
by (A.8) and ε ≤ CN −1 . Thus, on a Bakhvalov mesh, the truncation error in the maximum norm is bounded uniformly by O(N −2 ).
